Transitions between the 4f N and 4f N −1 5d configurations of trivalent lanthanide ions in various host crystals may be modeled by using extensions to the standard crystal-field model for the 4f N configuration. In this work we discuss the trends in calculated and experimental parameters across the lanthanide series.
Introduction
There has been considerable interest in the spectroscopy of the 4f N −1 5d configuration of lanthanide compounds as part of the effort to develop technological applications, such as new phosphors for lamps and displays [1] . Though a lot of data exist [2] it is only recently that sufficiently detailed and extensive spectra have become available to allow meaningful comparisons between theory and experiment for the entire lanthanide series. It has now been demonstrated [3, 4] that 4f N ↔ 4f N −1 5d transitions for lanthanide ions in crystals may be modeled using straightforward extensions to the standard calculations for 4f N to include the 4f N −1 5d states. In our work [4] atomic and crystal-field parameters derived from 4f N spectra for interactions involving only 4f electrons were used for both the 4f N and 4f N −1 5d configurations, other atomic parameters for the 4f N −1 5d configuration were estimated from standard atomic calculations [5] , and crystal-field parameters for the 5d electrons were fitted to the Ce 3+ spectrum. We have now extended these investigations to excitation spectra of most ions of the lanthanide series doped into LiYF 4 , YPO 4 , and CaF 2 [6, 7] . 4f N −1 5d → 4f N emission spectra have also been measured and calculated for several ions [8] .
In this recent work we have refined our knowledge of the relationship between the theoretical calculations and the experimental data. Here we discuss some of the issues raised and possibilities for the future.
2 Hamiltonian for the 4f N −1 5d configuration Standard "crystal-field" calculations for lanthanide ions in crystals [9] [10] [11] make use of an effective Hamiltonian that acts only within the 4f N configuration. In these calculations the Hamiltonian parameters are determined by leastsquares fitting of calculated energies to experimental data. Good estimates of the atomic parameters may be obtained from atomic physics calculations [9, 12] but quantitative values for crystal-field parameters cannot be obtained from an atomic calculation since crystal-field splittings arise from complex mixing and interactions between ion and ligand orbitals [13] [14] [15] .
Our approach to calculating the 4f N −1 5d energy levels [4] is to extend the crystal-field calculations for the 4f N configuration. For the 4f N configuration the Coulomb interaction between the 4f electrons is parametrized by the F k parameters, with k = 2, 4, and 6 and two and three-electron Coulomb correlation effects by α, β, γ and T k , with k = 2, 3, 4, 6, 7, 8. Spin-orbit coupling is parametrized by ζ and higher-order magnetic interactions by M k , with k = 0, 2, 4 and P k , with k = 2, 4, 6. The crystal-field interaction of the 4f electrons with the lattice is parametrized by the crystal-field parameters B k q , with k = 2, 4, 6. Furthermore, there are symmetry restrictions on q. For example, in D 2d symmetry, which is the exact symmetry for Y 3+ sites in YPO 4 , and a good approximation for the Y 3+ sites in LiYF 4 , the allowed values of q are limited to 0 and 4.
For the excited 4f N −1 5d configuration the 4f N −1 "core" experiences the same interactions as the 4f N configuration. We distinguish these parameters from the 4f N parameters by appending "(f f )". These parameters can be expected to be similar, but not necessarily identical, to the 4f N parameters. Depending on the value of N , some operators will not exist in 4f N −1 5d. For example, if N = 1 the excited configuration is 5d and there are no 4f operators at all and if N = 2 there are no Coulomb operators.
The parameters for the 4f
) must be supplemented by the Coulomb interaction of the 5d electron with the 4f electrons, parametrized by F k (f d), with k = 2, 4 and G k (f d), with k = 1, 3, 5, the spin-orbit interaction for the 5d electron, parametrized by ζ(dd), and the crystal-field interaction of the 5d electron with the lattice, parametrized by B k q (dd), with k = 2 and 4, and the same restrictions on q as for the B k q (f f ). In contrast to the 4f N configuration, where the crystal field is small, the 5d crystal-field interactions dominate the splitting of the 4f N −1 5d configuration. The relative energies of the 4f N and 4f N −1 5d configurations are adjusted by a parameter ∆ E (f d) that absorbs contributions from both atomic and lattice effects. We do not include the odd-rank crystal-field operators, with k = 1, 3, and 5, that mix the 4f N and 4f N −1 5d configurations. This mixing is important for electric dipole transitions within 4f N [16, 17] , but our calculations indicate that it has only a small effect on the energy levels of either configuration.
Determination of Hamiltonian Parameters
Transitions within the 4f N configuration consist predominantly of sharp zerophonon lines, allowing the measurement of a large number of energy levels, and hence the accurate determination of the Hamiltonian parameters. In contrast, transitions to the 4f N −1 5d configuration are dominated by broad vibronic bands, with a limited number of observable zero-phonon lines. Fitting all of the atomic and crystal-field parameters for 4f N −1 5d is therefore not currently possible and it is crucial to begin with good estimates of the parameters and then use spectroscopic information from as many ions as possible to refined the calculation, since the effect of some parameters is more apparent in particular ions. For example, the 4f N −1 5d configuration for Ce 3+ is simply 5d, for which the only parameters are ζ(dd), and the B k q (dd), making this ion particularly suitable for determining the 5d crystal-field parameters. As another example, the energy difference between the first spin-forbidden and spin-allowed 4f N → 4f N −1 5d transitions for the heavy lanthanides, particularly Tb 3+ , is dominated by the exchange operators G k (f d).
Our approach has been to make initial estimates for the parameters and then to determine overall scalings of groups of parameters. The initial estimates have three sources:
(1) Parameters for the 4f N −1 core from parameters for the 4f N configuration of the same ion. (2) 5d crystal field parameters B k q (dd) from the Ce 3+ spectrum. (3) Atomic parameters involving the 5d electron from ab initio calculations.
The atomic calculation methods are described by Cowan [5] . The calculations are Hartree-Fock, with relativistic corrections. In Table 1 we give a summary of Hamiltonian parameters and radial integrals. In Figure 1 we show radial functions P nl for the outer orbitals of Pr 3+ . The filled 5s and 5p orbitals define the ionic radius of approximately 1Å. From the Figure we see that only a small fraction of the 4f orbitals, but a large proportion of the 5d orbitals, extend beyond 1Å. These observations suggest that, since the 4f orbitals are "shielded" from the environment by the 5s and 5p orbitals, the atomic parameters involving 4f electrons for the ions in crystals are likely to be quite similar to the parameters determined for gaseous ions and from ab initio calculations. This is, in fact, what is observed for the 4f N configuration [9] . Though the 5d orbitals will be perturbed much more by the host lattice than the 4f orbitals, the F k (f d) and G k (f d) parameters are largely determined by the part of the 5d orbitals close to the nucleus where they interact with the 4f orbitals, and the ζ(dd) parameters also have their largest contribution from close to the nucleus. Therefore, we expect that these parameters will also not be very different from the free-ion values.
As we proceed across the lanthanide series, the calculations indicate that the 4f orbitals contract substantially, as the nuclear charge increases. The 5d orbitals also contract, but not so much. With these contractions in mind, we can understand the trends in the parameters across the series, as we shall explain below.
Crystal field parameters
The crystal-field parameters associated with the 5d electron of the 4f N −1 5d configuration are large, typically 10 to 20 times the parameters for the 4f electrons. For the hosts that we have studied in detail, LiYF 4 , CaF 2 , and YPO 4 , the crystal-field splitting of the 5d orbitals is approximately 20,000 cm −1 . Crystal-field parameters for Pr 3+ and Tm 3+ are shown in Table 2 . Parameters for other ions and crystals may be found in Refs. [6, 7] . In our calculations we used literature values for the 4f parameters and scaled the 5d parameters linearly across the lanthanide series to give good agreement with experiment. The 4f parameters decrease dramatically across the lanthanide series, whereas the 5d parameters decrease by a relatively small amount. In our calculations we have used 4f crystal-field parameters deduced from 4f N spectra. Since the 4f orbitals contract somewhat in the 4f N −1 5d configuration, as indicated by the differences between the r k radial integrals in Table 1 , it may be useful to reduce their value somewhat. However, our current data are not detailed enough to test this possibility.
For ions near the beginning or end of the lanthanide series the 5d crystal-field splitting dominates the spectra, with the splitting caused by atomic interactions giving a fine-structure built on top of the crystal-field splitting. Towards the center of the series the atomic splitting of the 4f N −1 core is quite large and the 5d crystal-field splitting is more difficult to definitively identify. A notable exception is Tb 3+ , where the large splitting between the lowest states of the 4f 7 core makes the identification of the 5d crystal-field splitting straightforward [7] .
We note that the fit to the Ce 3+ 5d energy levels in LiYF 4 is rather poor [8] . This problem is well known and is thought to be a result of distortions of the lattice in the excited states [14, 15] .
If the crystal-field splitting was merely the result of an electrostatic potential then the parameters would be proportional to the expectation values of the r k . From Table 1 the ratios of r 2 and r 4 for 5d orbitals of the 4f N −1 5d configuration and 4f orbitals of the 4f N configuration are 4.6 and 14 for Pr 3+ , whereas from Table 2 the crystal-field parameter ratios for LiYF 4 are 10 and 18. For Tm 3+ the expectation value ratios are 6.7 and 28, whereas the experimental parameter ratios are 12 and 26. The different r k for 4f and 5d orbitals reflect the larger radial extent of the 5d orbitals, which clearly gives rise to larger parameters, but accurate calculations of crystal field splitting require the consideration of more than merely electrostatic effects [13] [14] [15] .
Atomic interaction parameters
A detailed discussion of experimental and calculated atomic parameters for the 4f N configuration may be found in Carnall et al. [9] . The atomic calculations overestimate the F k and ζ parameters for 4f N , particularly F 2 . More elaborate perturbation-theory calculations [12] reduce this discrepancy. Atomic parameters predicted by Cowan's computer code [5] for the 4f N and 4f N −1 5d configurations are given in Table 1 . The F k (f f ) and ζ(f f ) param-eters are predicted to be slightly larger for the 4f N −1 5d configuration than the 4f N configuration. This is a result of contraction of the 4f orbitals in the 4f N −1 5d configuration. To take this contraction into account for the 4f N −1 5d configuration we have taken F K , ζ, and other parameters fitted to 4f N energy levels of lanthanide ions in LaF 3 and increased them by 6% [7] .
The calculated F k (f f ) parameters increase dramatically across the series, as the 4f orbitals contract. The calculated F k (f d) and G k (f d) parameters decrease gradually, since the 5d orbitals do not contract as much as the 4f orbitals. Similarly, the ζ(f f ) increase dramatically, and the ζ(dd) somewhat less.
We found that the calculated F k (f d) and G k (f d) parameters were too large, particularly from examining the splitting between the high-spin and low-spin states of the 4f N −1 5d configuration of the heavy lanthanides [7] . Better agreement was obtained when the f d parameters were reduced to about 67% of their calculated value. In Table 3 we show available atomic parameters for gaseous ("free") ions. These also show general reductions from the calculated values, so this reduction is not purely induced by the crystalline environment. The free-ion data indicate that the overestimation is mainly for the F 2 (f d) and G 1 (f d) parameters, so in future calculations, when more detailed spectra are available, it may be useful to experiment with different parameter ratios.
Some papers on the 4f N −1 5d configuration have tried to analyze the spectra by considering only the 5d crystal field and the atomic splitting of the 4f N −1 core (e.g. [18] ). However, this is not a very good approximation since the Coulomb interaction between the 4f and 5d electrons (parametrized by F k (f d) and G k (f d)) has a significant effect. This is illustrated in Figure 2 of Ref. [4] and Figure 6 of Ref. [7] .
Differences between the average energies of the configurations
The difference between average energies of the 4f N −1 5d and 4f N configurations, parametrized by ∆ E (f d), may be calculated by comparing the total energies of the ion in different configurations. Note that this is not merely the energy difference between the 4f and 5d orbitals, which is much larger but is compensated by relaxation of the other orbitals of the ion.
Note that ∆ E (f d) should not be confused with the energy of the first 4f N → 4f N −1 5d transition (see, for example, Figure 2 of [2] ). This energy depends crucially on the relative energy of the lowest 4f N and 4f N −1 5d states. For example, the 8 S 7/2 states of the 4f 7 ground configuration of Gd 3+ and the 4f 7 core of the 4f 7 5d excited configuration of Tb 3+ have particularly low energies. Hence, the onset of the 4f 7 → 4f 6 5d transitions in Gd 3+ is particularly high and the onset of the 4f 8 → 4f 7 5d transitions in Tb 3+ is particularly low.
Calculated and experimental (free ion, LiYF 4 , and YPO 4 ) values of ∆ E (f d) are shown in Figure 2 . The values for CaF 2 are very similar to LiYF 4 , which is to be expected, since both hosts have F − ligands. Note that the difference between experiment and theory becomes smaller towards the end of the series. Possible mechanisms for the depression of the excited configuration energy are discussed by Dorenbos [19] .
Transition intensities
Transitions between 4f N and 4f N −1 5d are electric-dipole allowed and it is straightforward to calculate the matrix elements of the electric dipole moment operator for the transitions. This is in contrast to transitions within the 4f N configuration, for which a much more elaborate calculation in necessary [16] . However, since the 5d orbitals are more extended than the 4f orbitals, there is a displacement of the equilibrium positions of the ligands in the excited states and most of the intensity is in vibronic bands. Background on the modeling of such transitions may be found in the literature [20] . In our modeling we have approximated the vibronic bands by a single Gaussian and more accurate band-shape calculations are an obvious area for improvement.
Most of our data are from excitation spectra, and so absolute transition intensities are not measured. Moreover, there is the possibility of saturation of the more intense transitions distorting even the relative intensities, causing the most intense transitions to lose some intensity. The best quantitative data related to transition intensities come from lifetime measurements.
The radial integrals of r between 4f orbitals of the the 4f N configuration and 5d orbitals of the 4f N −1 5d configuration are required for lifetime calculations. These integrals are given in Table 3 . They reduce across the series, as the 4f orbitals contract. Calculations of radiative lifetimes of Ce 3+ , Pr 3+ , Nd 3+ , Er 3+ , and Tm 3+ in LiYF 4 using these calculated radial integrals give good agreement with experiment [8] . Lifetimes for the spin-allowed emission transitions for ions in the first half of the series (Ce 3+ , Pr 3+ , Nd 3+ ) are short (tens of ns). For ions in the second half of the series (i.e. Er 3+ and Tm 3+ ) the lowest energy 4f N −1 5d states are "high-spin" (HS), i.e. have a spin quantum number that is one unit higher than the spin of any of the 4f N states, and so all emission is spin-forbidden. These spin-forbidden emissions have lifetimes in the µs range. In these cases, both long-lived emission from HS states and short-lived spinallowed emission from higher-energy "low-spin" (LS) states are observed [21] . The radiative and non-radiative lifetimes of the LS states may be deduced from lifetime and intensity measurements [8] .
For Ce 3+ and Pr 3+ the calculated lifetimes agree with the experimental values within 20%. For ions later in the series the agreement is not so good, but in most cases the difference is less than 50%. This is an encouraging result considering that the lifetimes depend on the squares of matrix elements and the third power of the the transition energies, as well as the refractive index [20] .
Conclusions
Our comparisons between theory and experiment show that it is possible to understand the spectroscopy of the 4f N −1 5d configurations of lanthanide ions in several host crystals in terms of a relatively straightforward theoretical model. However, the exact values for many of the Hamiltonian parameters are not known. More detailed data (including polarization measurements) would give definitive identification of the electronic origins and allow the accurate determination of more of the parameters and hence better calculations of various spectroscopic properties. [25] . Data are also available from NIST [26] . We have refitted the data for Ce 3+ , Pr 3+ , and Lu 3+ in order to ensure consistency with our choices of Hamiltonian operators.
Ce 3+ Pr 3+ Tb 3+ Lu 3+
∆ E (f d) 49943±72 57033±74 104474±61
F 2 (f f ) [6, 7] .
